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Numerical Simulations of Transitional Axisymmetric Coaxial Jets
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Direct numerical simulations of spatially evolving axisymmetric coaxial jets are carried out using nonreflect-
ing radiative boundary conditions at the outflow. The sensitivity of the numerical solution to the domain size is
investigated, pointing out the feedback effect of the boundary conditions on the pressure at the inlet. The effects
of the Reynolds number on the characteristics of the flow are studied. In the initial phase following an impulse,
the evolution of the startup vortex is found to be independent of the Reynolds number, whereas the circulation
per unit length at the vortex center increases with the Reynolds number. The Reynolds number is also found to
affect the further development of the shear-layers' instabilities. Finally, the effects of the inlet conditions on the
dynamics of vortical structures are investigated. Two simulations are carried out, in which the inlet velocity profile
is unperturbed and perturbed randomly, and the results are compared with flow visualizations from experiments.
In the unperturbed case the rollup of the external shear layer occurs at a much larger distance from the jets exit
than in experiments, whereas in the perturbed case a good agreement with the experiments is obtained.

I. Introduction

T HE flow originated by coaxial jets is of great interest from the
perspective of aeronautical and industrial applications. Much

of the aeronautical interest is related to noise reduction achievable
by coaxial jets in comparison with simple jets. The effect of noise
reduction by the addition of a surrounding coaxial stream to a single
jet has been observed by several authors (for instance, see Ref. 1). It
has been suggested that the aerodynamic noise generated by simple
and coaxial jets is related to the dynamics of large-scale vortical
structures forming from the instability of the shear layers.2'3 The
prediction and control of these structures by external forcing are nec-
essary to have a better mixing between streams. This could be useful
in industrial applications, for example, the design of new industrial
burners for efficient combustion and minimum pollution. Large vor-
tical structures play a role mainly in the initial region, where the
azimuthal disturbances, if not intentionally introduced, do not have
sufficient time to grow and influence the dynamics of the jets.

Although the flow originated by coaxial jets has been studied
by hot wire, laser measurements, and flow visualizations,4"9 the
amount of information presently available on the dynamics and the
characteristics of large-scale structures is far from exhaustive.

Direct numerical simulations, although restricted to low Reynolds
numbers, provide quantities, for instance, pressure and vorticity that
are difficult or impossible to get from real experiments. Moreover,
numerical simulations permit the control of initial and boundary
conditions and the investigation of their effects on the dynamics of
the flow. Thus, numerical simulation is a complementary tool that
with experimentation provides for a satisfactory understanding of
the dynamics of coaxial jets. To our knowledge, in the literature,
there are no fully resolved direct numerical simulations of spatially
evolving coaxial jets because of computer limitations.

The present axisymmetric numerical simulations contribute to
the study of the transitional zone, extending over a few diameters
after the jets' exit. These simulations are a first step to check a nu-
merical method that can be easily extended to three-dimensional
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simulations, currently difficult to perform because of computer lim-
itations. Three-dimensional simulations, however, require boundary
conditions that can be studied in the axisymmetric approximation,
and the main goal of this research is to investigate the influence
of inlet conditions on the dynamics of coaxial jets. We also de-
termine if simple radiative outflow conditions are suitable for this
type of simulation. The assumption of axisymmetry is justified in
the initial region since it has been observed from experiments that
the structures forming from the rollup of the shear-layers remain
axisymmetric over a distance of few diameters.7

The velocity profile at the inlet has been specified to reproduce one
of the conditions of the low Reynolds number experiments in Ref. 7.
To simulate the spatial evolution of the flow within a limited axial
length, radiative conditions have been applied at the outlet boundary
of the computational domain.10 In the direct simulations of unsteady
separated boundary layers in Ref. 11, it has been shown that these
types of conditions allow the vortical structures generated in the
domain to be converted out of the boundary without a significant
distortion. We choose these conditions, from among others proposed
in the literature, because of their simplicity. The sensitivity of the
solutions to the size of the computational domain has been studied,
showing the effect of the outlet boundary conditions on the dynamics
of the flow.

The effect of the Reynolds number on the dynamics of the
structures has been also investigated in the initial phase follow-
ing the impulsive startup and when the flow has reached its final
regime.

Finally, the effects of the inlet conditions on the formation and
dynamics of the vortical structures are investigated. Indeed, two
numerical simulations are carried out, in which the inlet veloc-
ity profile was unperturbed and perturbed randomly. The numer-
ical flow visualizations have been compared to the experimental
ones.7

II. Governing Equations and Numerical Method
The axisymmetric Navier-Stokes equations in primitive variables

and in cylindrical coordinates are used. The unknowns are qr = rvr,
qz = vz, and the pressure /?, where vr and vz are the radial and the
axial velocity components, respectively. The continuity equation
with these variables is

(1)
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and the momentum equations in conservative form are

• / = —T"3 t 3 r r dr
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(3)
To have flow visualizations, as in the experiments, the transport

equation for a passive scalar is introduced:

a2©a© 1 1
dr

i a / ae
(4)

where 0 is the concentration of the passive scalar, the Schmidt
number Sc = v/Z), where v is the kinematic viscosity and D the
diffusivity of the scalar.

The equations have been nondimensionalized using the radius of
the internal jet /?/ as a length scale, and the centerline axial velocity
Vi as a velocity scale; hence, the Reynolds number is Re = VJ Rt/v.

The spatial discretization of the system of equations (1-4) is per-
formed by centered finite differences, second-order accurate. The
variables are located on a staggered grid with the pressure at the
center of the cell and the qt at the cell faces. The use of staggered
grids, together with the choice of the variables qt, simplifies the
discretization at the axis (r = 0), where the governing equations are
singular. Indeed, the advantage of using staggered grids is that only
the component qr is evaluated at the grid point j = 1 (r = 0); since
at that point qr = 0 by definition, it is not necessary to discretize the
equation for qr at r = 0. The equation for qz requires the evalua-
tion of radial derivatives in the region around the axis. The fact that
qr = 0 at j = 1 avoids the evaluation of qz at j = 1, and the radial
derivative in the convective terms can be discretized without any
approximation. The discretization of the viscous radial derivative
described in Ref. 12 mantains second-order accuracy near the axis.

The advancement in time is carried out by a fractional-step
method,13 in which as a first step an intermediate nonsolenoidal
velocity field qt is provisionally calculated. Then it is projected into
a solenoidal one by a scalar quantity 3>. The pressure is related
to the scalar 4>. The third-order Runge-Kutta scheme described in
Ref. 14 is used to advance the momentum equations in time, in which
nonlinear terms are computed explicitly and linear terms implicitly.
Using an approximate factorization technique, the inversion of a
large sparse matrix is approximated by inversion of tridiagonal ma-
trices. The method consists of three substeps, and at each substep the
scalar <£ is calculated. The computation of 3> implies the solution of
an elliptic equation for which trigonometric expansions are applied
in the axial direction. This procedure, together with the inversion
of a tridiagonal matrix, is very efficient to calculate <I> directly and
gives the solenoidal velocity field within roundoff errors.

Nonuniform grids in r were used to cluster the points in high-
shear regions by the following coordinate transformation:

TJ = Rorj(xj)

where TJ is the radial coordinate of the point y; also, RQ is the
radial size of the computational domain and Xj is the computational
coordinate corresponding to an uniform distribution of the N points
in a [0,1] interval. The function T)(XJ) is

I \ tanhfrfry - 1)]
) I tanh[a(jc - 1)]

where a, RI , and x are parameters determining the zone of clustering
of the computational points, set to 4,1.6, and 0.65, respectively.

Because of the use of trigonometric expansions in the computa-
tion of <£, the grid must be uniform in the z direction.

in. Boundary Conditions
In the numerical simulation, boundary conditions must be as-

sumed, and these must reproduce as closely as possible the experi-
mental conditions.

At the external radial boundary, free-slip conditions are assumed.
Since we are interested in simulating freejets, the radial extension
of the computational domain must be large enough to prevent the
free-slip conditions from affecting the entrainment. The importance
of the location of the radial boundary is not just a peculiarity of the
numerical simulations; in fact, it was also observed in laboratory
experiments that the dynamics of the jet is affected by the location
of the physical external confinement. To prove the sensitivity to the
location of the radial boundary, two simulations were performed for
a single jet in Ref. 15, with the radial size equal to 5R and 3R (R
is the radius of the jet) at Re = 2000. In the first case, the initial
instabilities as a result of the impulsive startup die out; whereas, in
the second case, they are sustained. The same qualitative effect was
observed for coaxial jets, but we are not presenting the results of this
study in the present paper. Nevertheless, it has been verified that the
radial dimension of the domain in the present simulations is large
enough to avoid the effects of free-slip conditions at the external
radial boundary on the dynamics of the jet (see Sec. IV. A). On the
other hand, the sensitivity of the solution to the axial length of the
domain has been studied, and the results are presented as follows.

At the inlet of the computational domain, the axial velocity is set
to zero at t = 0 and evolves to a prescribed profile Qz (r) in a time r,

fc(', r) = f ( t ) Q z ( r ) t < r- f ( t ) = 3(r/r)2 - 2(t/r)3 (5)

where Qz(r) is the basic stationary profile. The law for f ( t ) in
Eq. (5), together with a very small value of r, permits the repro-
duction of the transient generated by the opening of a valve or the
time required for a motor to reach its final speed in an experiment.
The impulsive startup of the jet and its initial development was sim-
ulated by looking at the evolution of the large vortex forming.at
the startup. This study is interesting in that it helps to understand
the propagation of a flame front and the dynamics of pulsating jets.
In all of the simulations the parameter r in Eq. (5) is equal to 0.4.
To compare our results with the visualizations in Ref. 7, the axial
velocity profile Qz (r) at the inlet of the computational domain is
chosen to reproduce as closely as possible the experimental profile
of case 2 in Ref. 7. By fixing the maximum velocity, the radius,
the momentum thickness 0., and displacement thickness 8 of the
internal and external jet, fifth-order polynomial functions give the
basic velocity profile. In the internal and the external shear layers
the profiles are approximated by fifth-order polynomials

P(x) = ax5 + bx4 + ex3 + dx2 + ex + f

For simplicity we assume here a. fictitious coordinate jc that varies
between 0 and 1. The profiles in the internal and external shear lay-
ers are given by the polynomial P(JC), using the following changes
of variables: r = sf(x — 1) + /?,- in the internal shear layer,
r = se(l — x) + Ri and r = se(x — I) + Re in the shear layers
of the external jet. The unknown coefficients in P'(x) are obtained
imposing the following conditions:

= Vk

dP(x)
= 0

P(x)
Vk

d* = i

under the constraint dP(x)/dx\x^ i < 0. Outside the shear layers
the axial velocity is constant. In the present simulations the ratio •
between the maximum velocity of the internal and the external jet
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Fig. 1 Axial velocity profile at the inlet.

Ve/ Vt is 0.71, and the ratio between the external and internal radius
isRg/Ri = 1.41. The momentum and displacement thickness of the
internal and external shear layers are, from Ref. 7, 0/ = 0.0187/?,,
9e = 0.0165/?/, and 8t = 0.0465Rt and 8e = 0.0366/?/, respec-
tively, and si and se are set equal to 0..175/?/. In Fig. 1 the axial
velocity profile is plotted and the computational points are visible
to show the grid spacing in r.

As already mentioned the quantities were nondimensionalized
using the internal radius /?/ =2.73 cm, the velocity on the axis of
the inner jet (V/ = 11 cm/s in the simulations at Re = 3000), and
the kinematic viscosity of water v = 0.01 cm2/s.

After the end of the transient different assumptions can be used
for the inlet profile; the simplest one is to keep it constant:

t > (6)

This condition, however, does not reproduce the actual experimental
conditions, where the inlet velocity profile varies in time, because
of the turbulence of the flow at the exit of the nozzle or of the dis-
turbance induced by experimental devices. It is difficult to identify
an inlet condition that could account for both of these effects. To
reproduce the fluctuations of the inlet velocity profile because of
the turbulence in the nozzle as a second case, a perturbation of zero
mean value has also been superposed on to the velocity Qz (r). Since
no measurements of the inlet velocity were available in the experi-
ments in Ref. 7, a random perturbation q'z(t, r) = g(r)G(t, r) has
been assumed. The inlet profile then is

where G(t,r) is Gaussian white noise in t and r and g(r) is the
perturbation intensity accounting for a higher turbulence level near
the walls of the nozzle. The analytical expression of g(r) has been
derived by fitting an exponential function to the boundary layer rms
profile16 obtained in an experiment described in Ref. 5 at higher
Reynolds number than in the experiment we wish to reproduce7:

g(x) = k(ax)(~b) Qz(x) (8)

Again, a fictitious x coordinate has been introduced ranging between
a (the thickness of the viscous sublayer) and 1. The parameters k and
b are set to 0.16723 and 0.89616, respectively, whereas a is equal
to 35.2941 and to 88.2353 in the internal and external shear layers,
respectively. In the viscous sublayer g(x) is assumed to vary linearly
from zero to g(cr). Clearly this perturbation does not reproduce the
real conditions in the experiments of Ref. '7, but it is useful to have
indications of the effects of inlet perturbations on the evolution of
the jets. It should be stressed that this disturbance does not account
for the turbulent structures of the real incoming boundary layers and
that, as a further approximation, the component qr is set equal to
zero at the inlet.

At the outflow, radiation boundary conditions are applied to each
variable #/ and to the scalar 0

dt (9)

where C is a velocity that in the Orlanski10 assumption depends on
the flow itself. In Ref. 10 a procedure is proposed for the computation
of the velocity C. In the present study, however, C is assumed con-
stant, and this velocity represents the advection speed of large-scale

structures. This assumption leads to simple boundary conditions
that have the advantage of automatically satisfying the global con-
servation of mass. This type of condition has been succesfully used
in previous simulations of spatially developing free shear layers,17

plane wakes,18 and two-dimensional separating boundary layers.11

Very recently, this type of boundary condition has been successfully
used in the large eddy simulation of turbulent confined coannular
jets and turbulent flow over a backward facing step.19 Moreover in
Ref. 11 it was pointed out that the value of C was not critical to the
solution, since the same results were obtained with different values.
In all of the simulations presented here, C is equal to 0.6 V/. A sim-
ulation carried out with C = 0.3V/ confirmed that the solution is
not affected by the value of this constant.

The choice of this kind of boundary condition is only one among
many. For instance, Jin and Braza20 used Eq. (9) with the addition
of a viscous term, deriving this condition from a wave equation
to match the Navier-Stokes equations on the outlet boundary. In
the simulation of a free shear-layer flow, they20 found that these
boundary conditions considerably reduce the feedback noise com-
pared to the commonly used free boundary-layer conditions. Similar
boundary conditions were also used by Dai et al.21 in the large eddy
simulation of plane turbulent jet flow. In this case the authors21 add
a viscous term to Eq. (9) to improve the numerical stability. Another
possibility is to use the final portion of the computational domain as
a buffer region to allow part of the disturbances induced by the out-
flow to be dissipated.22 Our aim, however, is to use simple boundary
conditions that give stable and acceptable solutions. In this respect,
the use of Eq. (9) appears to be appropriate, as will be shown in
Sec. IV.A. Concerning the stability, Fig. 2 shows that the pressure
remains stable in time; whereas, in contrast, Jin and Braza20 found
that with the free boundary-layer conditions the pressure showed
amplified oscillations (Fig. 3 a in Ref. 20). Moreover, for the simu-
lations at Re = 3000 presented in Sec. IV. C. 2, 32,000 time steps
were carried out for the unperturbed case, corresponding to about
60 rollups of the external shear layer, with a maximum Courant-
Friedrichs-Lewy (CFL) number of 0.4 and 26,000 time steps for the
perturbed case with a maximum CFL number of 0.7. As pointed out
also in Ref. 19, in statistically steady flows the boundary condition
(9) forces the exit streamline to be parallel to the z axis, with zero
mean radial velocity, and this may affect the results in a zone around
the exit boundary. This problem could be eliminated by computing
C as suggested in Ref. 10. The analysis of the results indicates that
the mean radial velocity near the exit is low and that the extent of this
zone can be estimated as about 2/?/. Thus, in the results presented in
the following section, the solution in this zone near the exit should
be considered from this perspective.

0.1
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a) 20 40 60 80 t100

8O t 1 O O

Fig. 2 Time evolution of the pressure at the inlet ( - - - - ) and at the
outlet (——): a) Lz = 4Rt and b) Lz = !6Rt.
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IV. Results
A. Sensitivity to the Size of the Computational Domain

To investigate the sensitivity of the solution to the axial size of
the computational domain, simulations at Re = 2500 were carried
out for four different axial lengths of 4Ri9 8/?/, 12J?/,-and l6Rt.
The radial dimension was Lr = 5 /?/. Equally spaced grids with 193
points in the radial direction and 97,193,289, and 385 points in the
axial direction were used.

The vorticity field at t = 20, obtained with domain sizes of 8/?/
and l6Ri (Fig. 3), shows that the initial stage of the development
of the flow is not affected by the size of the computational domain.
For the simulation with Lz = 8/?/, the large vortex, formed after
the startup, is in the process of leaving the computational domain.
This result confirms that the radiative boundary conditions at the
outlet of the computational domain effectively allow the vortical
structures to exit from the domain without any appreciable reflection
or distortion.

On the other hand, at a later time when the flow has reached its final
regime, the results for each simulation are different. In particular,
the vorticity field in Fig. 4 shows that the rollup of the external shear
layer occurs at a smaller distance from the inlet when the domain
size is smaller. This behavior can be explained by the fact that the
boundary conditions at the outlet affect the pressure at the inlet by
a feedback mechanism, as observed for mixing layers in Ref. 23.

r i

8Ri

b) 8Ri

Fig. 3 Isocontours of vorticity for Re = 2500 at t = 20: a) Lz = 8#/ and

a) 8Ri 16Ri

8ki ' ' l6Ri
b)

c)

d)

8Ri

8Ri 16Ri

To illustrate this effect, in Figs. 2a and 2b the time evolution of the
pressure at the inlet and at the outlet, at r = 1.3/?,- (in the external
shear layer), is presented for the computations with a domain size
of 4Rt and 16/?/, respectively. When a vortical structure reaches the
outlet boundary, the pressure decreases to assume a local minimum.
The first minimum is observed when the center of the startup vortex
crosses the boundary. At the same time, the pressure at the inlet
also varies, assuming a local maximum. Since in the inlet region
no vortical structures are present and the vorticity field is steady,
these oscillations are mainly the result of the feedback from the
outlet boundary. Although the peaks in the outlet pressure are of
the same order for both of the cases, when the domain is shorter
the pressure oscillations at the inlet are stronger. Moreover, each
vortical structure takes less time to reach the outlet boundary as
the domain is shorter and, hence, the peaks in the inlet pressure
occur at a higher frequency. Thus, the feedback from the outlet
results in a perturbation of the pressure at the inlet, which has larger
amplitude and higher frequency because the domain is shorter. When
the domain size is small, this perturbation affects the dynamics of
the flow and, in particular, the rollup of the external shear layer
occurs closer to the inlet. On the other hand, when the axial size of
the computational domain is large enough, the effect of the pressure
perturbation on the dynamics of the flow is negligible. The results
obtained in the simulation with a length of 12 Rj are practically
identical to those obtained with a size of 16/?/, as shown in the
isocontours^of the vorticity presented in Figs. 4c and 4d.

Analogously, it was checked that a radial dimension of the do-
main of 5Rt is large enough to avoid the free-slip conditions at the
external radial boundary affecting the entrainment of the jets, as
mentioned in Sec. III. Indeed, two simulations were carried out at
Re = 3000 with Lr equal to 5/?/ and 8/?/, respectively, and the
results are not significantly different. Hence, we use Lr = 5Ri in
all of the simulations presented in the following sections.

B. Initial Development of the Flow
The initial stage of the development of the flow, after the impulsive

startup, and in particular the evolution of the large startup vortex,
help in understanding the propagation of a flame front or the be-
havior of a pulsating jet. To investigate the effects of the Reynolds
number on this stage of the flow, simulations have been carried
out for Reynolds numbers Re = 500, 1000, 1500, 2000, 2500, and
3000. As already observed, although the final regime of the jet de-
pends on the axial extension of the computational domain, the initial
development of the flow is independent of the length of the domain;
therefore, all of the simulations have been performed with Lz = 8 /?/,
using a 193 x 193 grid.

In Fig. 5 the azimuthal vorticity at t = 10, for Re = 1000, 2000,
and 3000, shows that a large startup vortex forms and its center
position is the same in all of the cases. For Re = 3000 the external
shear layer shows a rollup that does not occur at Re = 1000. In Fig. 6
the vorticity fields are presented at a later stage of the development
of the flow (t = 20). For all of the Reynolds numbers, the startup
vortex exits from the domain, and the vorticity distribution in the
inner and outer shear layers depends on the Reynolds number. For
Re = 1000 the external shear-layer rollup is weak; whereas for
higher Reynolds numbers, the instability of the external shear layer
is more intense. For Re = 3000 a second rollup of the internal shear
layer is also noticeable.

From qualitative observations of the vorticity field the position of
the startup vortex seems to be independent of the Reynolds number.
To better investigate this point and to have quantitative information,
we determine the position of the center of the vortices by use of a
criterion based on the eigenvalues of the velocity gradient tensor, as
proposed in Ref. 24. The velocity gradient tensor for axisymmetric
flows is

Fig. 4 Isocontours of vorticity for Re = 2500 at t = 200: a) Lz = 4Ri, b)
Lz = 8ft;, c) Lz = 12Ri9 and d) Lz = l6Rt.
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Fig. 5 Isocontours of vorticity, t = 10: a) Re - 1000, b) Re = 2000, and

r

8Ri

b) 8Ri
r -i

î l̂ ĵ "

c) 8Ri

Fig. 6 Isocontours of vorticity, t = 20: a) Re = 1000, b) Re = 2000, and

The eigenvalues being complex implies the existence of a local spi-
ral/circular pattern of streamlines in the neighborhood of the point
considered. The boundary of the region with the complex eigen-
values is obtained from the discriminant of the cubic characteristic
equation det(A V — A / ) = 0. A real eigenvalue is clearly AI = vr/r.
Thus, the other eigenvalues can be obtained from the following
quadratic equation:

where

Re=5OO
Re=1000
Re=15OO
Re=2OOO
Re=2500
Re=3OOO

O 4 8 12 16 t 2O

Fig. 7 Position of the minimum of A for different Reynolds numbers.

O 4 8 12 1 6 t 2 O

Fig. 8 Position of the minimum of A for different grids at Re = 2500.

and

Complex eigenvalues occur when the discriminant A = B2 — 4C <
0. In Fig. 7 the axial position of the minimum of A is plotted as a
function of the time, for different Reynolds numbers. At the initial
stage of the development of the flow, the minimum has the same
position for all of the Reynolds numbers, meaning that the forma-
tion and the convection of the startup vortex is independent of the
Reynolds number (see lines a, Fig. 7). The evolution in time of the
position of this vortex, identified by a local minimum of A, is the
same for all of the Reynolds numbers (last part of lines a, Fig. 7).
Nevertheless, for high Reynolds numbers, at a certain time, the min-
imum of A is found closer to the inlet of the jets than the star-tup
vortex (lines b, Fig. 7). This corresponds to the vortex forming from
the rollup of the external shear-layer (e.g., see Figs. 6b and 6c). The
rollup of the external shear layer occurs earlier and closer to the
inlet as the Reynolds number increases.

The grid independence of the results was checked at Re = 2500,
by doubling the grid points in the axial direction. The axial positions
of the minimum of A obtained at different times with the finer grid (*
symbols in Fig. 8) are almost undistinguishable from those obtained
with the coarser grid (solid line in Fig. 8).

The fundamental role played by large vortical structures in the
entrainment and mixing has been pointed out in the literature. In
particular, in the formation of an axisymmetric vortex ring25 the
mixing is proportional to the vortex circulation. In Fig. 9 the cir-
culation of the vorticity per unit axial length is plotted vs the axial
coordinate, at different times and at Re = 1000, 2000, and 3000.
The maximum of the circulation coincides with the axial position of
the center of the startup vortex that at the times presented in Fig. 9 is
moving toward the outlet boundary. The circulation peak increases
with the Reynolds number. A further local maximum of the circula-
tion is found connected with the rollup of the external shear layer. In
accordance with the remarks made when discussing Fig. 6, the peak
of the circulation corresponding to this vortex center shows a higher
dependence on the Reynolds number. At Re = 2000 and 3000 it
is interesting to remark that negative values of the circulation are
found immediately after the external shear-layer vortex. This oppo-
site sign circulation is because of negative vorticity originated from
the internal shear-layer of the external jet and advected by the vortex
from the external shear layer as shown in Fig. 6.
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Fig. 9 Per unit length circulation at different times: a) Re = 1000, b)
Re = 2000, and c) Re = 3000.

-0.35 -
-0.25 -
-0.15-
-0.05 •
0.05-

b) time

Fig. 10 Time evolution of the distribution of pressure in axial direction
in the external shear layer: a) Re = 500 and b) Re = 3000.

C. Analysis of the Flow Dynamics
1. Sensitivity to the Reynolds Number

The development of the flow after the initial phase depends on
the Reynolds number. Indeed, for low Reynolds numbers the insta-
bilities of the shear layers, initiated by the impulsive startup, are
not sustained, and a steady state is reached. As an example, since
vortex centers correspond to local pressure minima, in Fig. lOa the
pressure is plotted as a function of time and z at Re = 500 and
r = 1.3/?/. Two local minima of pressure can be observed: the
higher corresponds to the large startup vortex, whereas the other
one corresponds to a second vortex forming from the external shear
layer triggered by the startup vortex. As time increases, the pressure
fluctuations are reduced, meaning that no more vortices form and a

16Ri

Fig. 11 Passive scalar concentration and vorticity field at t — 206: a)
unperturbed case, isocontours of passive scalar concentration, b) un-
perturbed case, isocontours of vorticity, c) perturbed case, isocontours
of passive scalar concentration, and d) perturbed case, isocontours of
vorticity.

steady state is reached. Conversely, at Re = 3000 Fig. lOb shows
that vortices continuously form from the instability of the external
shear layers, and the flow is characterized by the rollup and pairing
of these vortices.

2. Comparison with the Experiments
The final goal of this research was the numerical simulation of

the flow at Re = 3000, since at this Reynolds number a comparison
with the flow visualizations for case 2 in Ref. 7 is possible; then the
validation of the numerical method can be performed. On the basis of
the preceding considerations, the axial length of the computational
domain has been set equal to 16R f . The grid has 193 and 385 points
in radial and axial directions, respectively.

A first simulation was carried out without any perturbation of the
inlet velocity profile. The vorticity field in Fig. lib shows the forma-
tion of vortical structures (B and C) from the rollup of the external
shear layer. These vortices are advected downstream until they pair
(this is not visible in Fig. 1 Ib). The resulting vortical structure pairs
downstream with that formed from the rollup of the internal shear
layer, as Dl and D2 in the figure. Although the dynamics of the
flow is characterized by the repetition of such events, the flow is not
perfectly periodic, probably because of the interactions between in-
stabilities of the internal and external shear layers. The distributions
of a passive scalar, having a concentration at the inlet equal to 1
in the external jet and equal to 0 elsewhere, were compared to the
sequence of visualizations reported in Ref. 7. The distribution of
the passive scalar and the vorticity field at t = 206 in Figs. 1 la and
1 Ib show that in the numerical simulation the rollup of the external
shear layer occurs at a distance from the inlet of about 6/?/, whereas
in the experiment it was found at a distance of about 2/?/-. Possi-
ble explanations for this discrepancy have been examined. Namely,
the enhanced stability of the external shear layer in the numerical
simulation could be because of the assumption of axial symmetry.
Nevertheless, as discussed earlier, this assumption agrees with the
experimental observations in the initial region. In our opinion, this
discrepancy is because in the numerical simulation the inlet velocity
profile does not have any temporal perturbation. On the other hand,
in all experiments the inlet profile exhibits fluctuations in time, be-
cause of the turbulent character of the flow at the exit of the nozzle
or because of perturbations introduced by the experimental devices.
The effect of the turbulent wall structures forming in the test sec-
tion is important, but, since the axisymmetric assumption was made,
these can not be introduced.

A reasonable way to introduce the effects of turbulence is by a
random perturbation, such as that given in Eq. (7), superimposed
to the inlet velocity profile. Even if a random perturbation does
not reproduce the actual conditions of the experiments in Ref. 7,
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Fig. 12 Radial profiles of mean axial velocity: a) unperturbed case and
b) perturbed case.

a better agreement with the experimental observations is obtained.
Indeed, the rollup of the external shear layer occurs approximately
at a distance of 2Rf from the inlet, as shown by the instantaneous
picture of the passive scalar concentration in Fig. lie. As in the
experimental visualizations in Fig. 7 of Ref. 7, a second rollup
of the external shear layer is observed immediately after the first
one. Larger structures are observed downstream. The vorticity field
in Fig. 1 I'd shows that these are the result of the pairing of the
vortices from the external shear layer, and also of their pairing
with the structures from the internal shear-layer, that in this sim-
ulation rollup in the same zone as the external one. Nevertheless,
the comparison with the experiments is possible only in the initial
region, because of the axisymmetric assumption made in the sim-
ulations. To prove that the position of the initial rollup does not
depend on the amplitude of the inlet perturbation, a simulation was
carried out with the random perturbation twice as large, and the
rollup of the external shear layer occurred at the same distance from
the inlet.

The profiles of time-averaged axial velocity in Figs. 12a and 12b
show that in the perturbed case the outer potential core, i.e., the
zone after the jet exit where the time-averaged streamwise velocity
is equal to Ve9 ends at z/Ri = 2; whereas in the unperturbed case, it
ends at a distance of 5Rf from the exit of the nozzle. This behavior
confirms the earlier considerations on the distribution of the passive
scalar. Moreover, in the perturbed simulation, the velocity profile
takes a shape of a single jet at z/Ri = 8, whereas in the unperturbed
case at z/Rt = 12, suggesting that the mixing between the layers
occurs closer to the inlet in the perturbed case. For both of the sim-
ulations, the inner potential core, given by the region after the jet
exit where the time averaged vz is equal to Vi, persists all over the
length of the computational domain. This result does not agree with
experiments, in which the end of the inner potential core was esti-
mated at about 8/?f beyond the jet exit. This discrepancy is probably
because of the assumption of axial symmetry in the simulation. In-
deed, the three-dimensional mechanisms, occurring mainly because
of azimuthal instabilities, have been shown in temporally evolving
mixing layers26'27 to play a fundamental role .in transition to tur-
bulence and in circular jets28 to produce a greater spreading of the
jet. Indeed, in Ref. 28 it is shown that in the three-dimensional case
there is a hierarchy of counter-rotating axial vortices that extend
all of the way radially up to the axis of symmetry. These structures
penetrate deeply into the potential core of the jet causing its erosion.
Therefore, the lack of these mechanisms in the present axisymmetric
simulations causes an enhanced stabililty of the inner potential core.

As discussed before, the assumption of axisymmetry is expected
to also affect the spreading of the jets. Indeed, from Figs. 12a and
12b, the spreading seems to be important only in a region extending a
few diameters after the rollup of the external shear layer, for both the

unperturbed and the perturbed simulations, whereas in experiments,
the spreading is observed over a greater length. The radial dimension
of the jet at the exit of the computational domain in the perturbed
and unperturbed case is comparable (see Fig. 12).

V. Conclusions
Numerical simulations of spatially evolving axisymmetric coax-

ial jets have been carried out, as a first step to check a numeri-
cal method that can be easily extended to three-dimensional sim-
ulations. These more realistic simulations are not possible at the
moment because of computer limitations. However, the numerical
boundary conditions required in these simulations can be studied
in the axisymmetric approximation. The main goal of this research
is to investigate the influence of inlet conditions on the dynamics
of coaxial jets. Another point of interest is to study whether simple
radiative conditions are suitable for these types of flows.

Simulations with different lengths of the computational domain
showed that the radiative boundary conditions at the outlet effec-
tively allow the vortical structures to leave the domain without any
significant distortion or reflection. Nevertheless the boundary con-
ditions have been found to affect the dynamics of the jets, through
a feedback effect by the pressure field. This feedback becomes neg-
ligible as the axial size of the computational domain increases.

The Reynolds number clearly affects the flow. We decided to
study separately the Reynolds number effects in the initial phase
after the impulsive startup and in the full regime. The evolution of
the large startup vortex was found to be independent of the Reynolds
number, whereas the circulation per unit length at the center of this
vortex increases with the Reynolds number. The dynamics of the
flow after the initial phase, on the other hand, is dependent on the
Reynolds number: for low Reynolds number a steady state was
reached, whereas for high Reynolds number an unsteady aperiodic
motion was obtained.

To check the sensitivity to the inlet conditions, two simulations
were carried out at Re — 3000, with and without a random perturba-
tion superimposed to the basic velocity profile at the inlet. This ran-
dom perturbation is given to obtain inlet conditions closer to those
in experiments on unexcited coaxial jets. The comparison with the
flow visualizations of case 2 in Ref. 7 pointed out the importance of
the inlet conditions on the formation and dynamics of the vortical
structures. Indeed, in the unperturbed case the rollup of the external
shear layer occured at a larger distance from the nozzle exit than in
experiments, whereas in the perturbed case this distance is compa-
rable to the experimental one. The inlet conditions also affect the
length of the outer potential core and the mixing between the layers.
Nevertheless, discrepancies with the experiments are observed, be-
cause of the assumption of axisymmetry, which is justified only in
the initial zone. Indeed, a longer inner potential core and less spread-
ing than in experiments are observed in both of the simulations.
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